We determine the basal plane stiffness and Poisson's ratio of single layer graphene sheets (SLGSs) in armchair and zigzag directions by using molecular mechanics simulations of their uniaxial tensile deformations with the MM3 potential, and of their axial and bending vibrations. Both approaches give the basal plane stiffness equal to ∼340 N/m which agrees well with that reported in the literature and derived from results of indentation experiments on SLGSs and from the first principle calculations. The computed value of Poisson's ratio equals 0.21 in both armchair and zigzag directions. Assuming that the response of a SLGS is the same as that of a plate made of a linear elastic, homogeneous, and isotropic material having Poisson's ratio = 0.21, the in-plane stiffness of ∼340 N/m and the total mass equal to that of the SLGS, the thickness of the SLGS is found to be ∼1 Å. Thus Young's modulus and the shear modulus of a SLGS equal ∼3.4 TPa and ∼1.4 TPa, respectively. It is shown that mode shapes corresponding to the several lowest frequencies of the SLGS differ noticeably from those of an equivalent thin layer made of a linear elastic isotropic material with Young's modulus = 3.4 TPa and the shear modulus = 1.4 TPa. Furthermore, a freefree SLGS vibrates about a plane bisecting its width rather than its thickness as predicted by the Euler Bernoulli beam theory. We also investigate the effect of pretension on the natural frequencies of SLGSs using MM simulations and correlate it to that of 1 Å thick linear elastic plate found by analyzing its three-dimensional deformations. These results will help design SLGS nanomechanical resonators having frequencies in the THz range.
INTRODUCTION
An atom thick graphene sheet comprised of a hexagonal network of covalently bonded carbon atoms is expected to exhibit novel mechanical and electronic properties. These sheets may be used as reinforcements in composite materials to acquire high specific strength or as nanomechanical resonators in THz frequency range. Since the discovery of carbon nanotubes by Iijima 1 in an arc discharge evaporation experiment, it has been anticipated that these tubes could be engineered economically if it were possible to control the geometry of graphene sheets. Hiura et al. 2 used an atomic force microscope (AFM) tip to cleave highly oriented pyrolytic graphite (HOPG) and imaged two single layer graphene sheets (SLGSs) separated by 3.4 Å. They also imaged folding and unfolding of graphitic layers, and observed that tearing and folding of graphitic layers was governed by the formation of sp 3 like line defects in the sp 2 graphitic networks. Similarly Roy et al. 3 studied the * Author to whom correspondence should be addressed.
cleaved HOPG and performed folding and unfolding of atomic layers of graphite using scanning tunneling microscope (STM). They found that the tip vibration of the STM can tear the graphitic layers. Lu et al. 4 patterned the HOPG surface with oxygen plasma etching to create uniformly sized islands up to 9 m in size and peeled graphene sheets from these islands for further manipulation with AFM tips. Recently Novoselov et al. 5 have prepared SLGSs using micromechanical cleavage. Stankovich et al. 6 have developed a technique to fabricate graphene-polymer composites via complete exfoliation of graphite and molecular-level dispersion of individual, chemically modified graphene sheets in the host polymer. We review below the pertinent literature on the modeling of graphene sheets through experimental, analytical and numerical approaches.
The structural applications of graphene require that we know its macroscopic properties. Previous theoretical and experimental studies have used continuum theories to determine basal plane stiffness (K = Eh, E: Young's modulus, h: wall thickness shown in Fig. 1 ), Poisson's ratio , and bending stiffness D = Eh 3 /12(1-2 ) of a SLGS by representing it as a homogeneous, linear elastic, and transversely isotropic plate 7 with the axis of transverse isotropy perpendicular to the basal plane. A SLGS is an atom thick. In order to determine its equivalent continuum structure (ECS) shown in Figure 1 , some researchers have either computed the wall thickness h or have assumed it to be 3.4 Å which is the interlayer separation in bulk graphite. Table I summarizes values of K, V , h and D reported in Table I . Values of K, h D and n computed from atomistic simulations and experiment reported in the literature.
Author(s)
Year Potential/Method
Van Lier et al. [8] 2000 Ab initio ∼377 -3.4 -Kudin et al. [9] 2001 [13] 2006 Density Functional Theory ∼420 ---Liu et al. [14] 2007 Ab initio ∼357 0.186 3.4 -Lee et al. [15] 2008 Nano-indentation (Experimental) 340 ± 50 ---Michel and Verberck [16] 2008 the literature using different theoretical and experimental methods.
Behfar and Naghdabadi 25 used the classical plate theory (CPT) to study vibrations of simply supported twolayered graphene sheets embedded in an elastic medium, and assumed them to be orthotropic in their planes with Young's moduli E 1 and E 2 in the two principal directions as 1765 GPa and 1588 GPa, respectively, the in-plane Poisson's ratio 12 as 0.3, the thickness of a SLGS = 3.4 Å, and the mass density = 2300 kg/m 3 . They modeled the interlayer interaction and the interaction between the outer layers and the matrix with van der Waals forces. They found that there are two frequencies for the same pair of half wave numbers along the length and the width directions. The mode corresponding to the lower of these two frequencies has both sheets moving in phase whereas that corresponding to the higher frequency has both sheets moving in opposite directions. Furthermore, an increase in the stiffness between the outer graphene layers and the polymer matrix enhanced the two frequencies. He et al. 26 used the CPT to study the effect of interlayer van der Waals forces on resonant frequencies of simply supported multilayer graphene sheets (MLGSs). The interlayer distance, Young's modulus, and the mass density are taken as 3.4 Å, 1.02 TPa and 2250 kg/m 3 , respectively. They found that the number of solutions for the natural frequencies equaled the number of layers. The smallest natural frequency corresponding to a pair of half wave numbers along the length and the width directions was found to be independent of the interlayer van der Waals force parameter. Liew et al. 27 analysis is similar to that of Behfar and Naghdabadi 25 except that the interaction of the outer graphene sheets with polymeric matrix is modeled using Pasternak foundation which accounts for the shear and the normal deformations of the surrounding elastic medium. They concluded that the elastic medium has a little effect on the amplitudes of vibrations of the sheets but no effect on the resonant frequencies. Bunch et al. 28 fabricated and tested SLGSs and MLGSs based electromechanical resonators by suspending a micrometer long graphene sheet over SiO 2 trench. The clamping of the opposite edges of the graphene sheet on the SiO 2 trench was due to van der Waals forces. They experimentally determined frequencies of SLGSs by actuating them either electrically or optically, and modeled them as a clamped-clamped Euler Bernoulli beam with uniform initial tension, assumed its thickness to be 3 Å, the mass density = 2200 kg/m 3 , and E = 1.0 TPa. Using the MM3 potential, we simulate in-plane tensile deformations of graphene strips to determine their basal plane stiffness and Poisson's ratio in zigzag and armchair configurations. This value of the basal plane stiffness is compared with that obtained by studying free axial and bending vibrations of a SLGS traction free on all four edges. The thickness of a SLGS is determined by modeling it as a plate made of a linear elastic, homogeneous and isotropic material and equating frequencies of the plate to those of the SLGS and same boundary conditions applied to the plate and the SLGS; we call the plate an equivalent continuum structure (ECS). An ECS of a SLGS enables one to use homogenization techniques for determining elastic properties of polymeric composites with SLGSs used as reinforcements. Furthermore, these ECSs can be used to compute first few natural frequencies of nanomechanical resonators, and find their optimum geometric parameters. The frequency of the fundamental mode of vibration of a SLGS can be increased to a THz by inducing in-plane tension in them; we study this by using MM simulations for a SLGS and the three-dimensional linear elasticity theory for its ECS.
The rest of the paper is organized as follows. Section 2 describes the MM3 29 potential and Section 3 details of our MM simulations of the uniaxial tensile deformations of a SLGS, computation of the basal plane stiffness and Poisson's ratio. The basal plane stiffness found from frequencies of the axial and the bending modes of vibration are described in Section 4. In Section 5 we determine the thickness of the ECS of a SLGS based on the basal plane stiffness and Poisson's ratio found in Section 3. It is shown in Section 6 that various modes of vibration of a free SLGS computed via MM simulations do not agree with those of its ECS found using the three-dimensional linear elasticity theory. In Section 7 we investigate effects of pretension on natural frequencies of SLGSs. Conclusions drawn from this work are summarized in Section 8.
MOLECULAR MECHANICS POTENTIAL
The MM3 29 class II potential with both higher-order expansions and cross-terms is appropriate for modeling SLGSs due to the similarity between graphitic bonds in the SLGSs and the aromatic protein structures for which the potential was constructed. The potential is given by Eq. (1) in which U s , U and U are energies due to bond stretching, bending and torsion respectively; U vdW is the potential of non-bonded van der Waals forces, and U s , U s and U represent energies of cross interactions between stretch-bend, torsion-stretch and bend-bend deformations, respectively. Parameters r, , and in Eq. (1) are shown in Figure 2 . A subscript, e, on a variable signifies its value in the configuration of the minimum potential energy. The total potential energy of a body equals the sum of potential energies of all atoms in the body (indices i and j in Eq. (1) range over bonded atoms, and the index k over all atoms). 
Values of constants
, e , r , K s , K s and K are given in Ref. [29] . Note that the van der Waals force between two atoms varies as (r /r 6 and exp(−12r/r . The first term is the same as that in the Lennard-Jones potential, but the second term is different. Because of the term r − r e 3 in the expression for U s , the potential energy for tensile and compressive deformations involving equal changes in bond lengths are different.
As listed in Table III of Gupta and Batra 30 the MM3 potential used herein gives frequencies of radial breathing modes of SWCNTs which agree well with their experimental values. Since no structural model is used in this comparison, the close agreement between the computed and the experimental values provides one measure of the validity of the MM3 potential to model SWCNTs. Also, except for the Coulomb force due to point charges, expressions in the MM3 potential are essentially the same as those in the Condensed-phase Optimized Molecular Potentials for Atomistic Simulation Studies (COMPASS) often used to simulate deformations of polymeric materials. 31 Another indication of the suitability of the MM3 potential for SWCNTs is that the computed basal plane stiffness of 340 N/m is very close to experimental mean value of 340 N/m found by Lee et al. 15 
MM SIMULATIONS OF UNIAXIAL TENSILE DEFORMATIONS
Uniaxial tensile deformations of graphene strips of aspect ratio ∼10 are conducted using the MINIMIZATION module of the software TINKER 32 by constraining displacements of all atoms at one end in x, y and z-directions and prescribing incremental displacements of all atoms at the other end along the length direction and constraining them to their new positions in x, y and z-directions. Two configurations, namely armchair and zigzag, depicted in Figure 3 of graphene strips are considered. For an armchair strip atoms on the edge 1L are constrained while atoms on the edge 1R have prescribed x-displacement; for a zigzag strip atoms on the edge 2B are constrained while atoms on the edge 2T have prescribed y-displacement.
After every incremental prescribed displacement the minimum potential energy configuration of a SLGS is obtained to within rms potential gradient of 0.001 kcal/mol/Å without using any cut-off distance. From the gradient of the potential energy of each atom for which the displacement is prescribed, forces acting on that atom are computed. Force per unit length (N x and N y for armchair and zigzag strips, respectively) are determined by dividing the total force acting on atoms on the edge by the length of the edge. Components of the strain tensor in the strip are computed from the mean-value of the deformation gradient 33 using three nearest atoms surrounding the one of interest. For both armchair and zigzag SLGSs the strain field is found to be uniform except at atoms near the edges where displacements are prescribed.
For a 262.24 Å×23.53 Å armchair SLGS, we have plotted in Figure 4 components of the strain tensor when atoms on the edge 1R of the strip are displaced by 1 Å in the x-direction while keeping atoms on the edge 1L fixed. The strain component E yy is negative due to Poisson's effect, and the shear strain E xy equals zero indicating that most of the SLGS is deformed in simple tension. The relation between N x and E xx for atoms at the sheet centroidal axis parallel to the loaded edge is shown in Figure 5 . The straight line fitted through the data by the least-squares method has a slope of 486.7 kcal/mole/Å 2 or 338.11 N/m; this equals the basal plane stiffness.
For a 22.76 Å × 260.06 Å zigzag graphene strip we have displayed in Figure 6 components of the strain tensor 
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Elastic Properties and Frequencies of Free Vibrations of Single-Layer Graphene Sheets when atoms on the edge 2T of the strip are displaced by 1 Å in the y-direction while atoms on the edge 2B are fixed. For this case the strain component E xx is negative due to Poisson's effect, and as in the previous case, the shear strain E xy is zero. The slope of the straight line fitted through (N y , E yy ) by the least squares method equals 489.54 kcal/mole/Å 2 , or 340.08 N/m; this equals the basal plane stiffness.
Determination of Poisson's Ratio in the Basal Plane
From average values of the axial and the lateral strains for the two SLGSs studied above, the Poisson ratio is found to be 0.21. Since K x = K y and xy = yx , we conclude Table I .
EVALUATION OF BASAL PLANE STIFFNESS FROM FREE VIBRATIONS OF SLGSs
As for the static axial deformations the SLGSs of aspect ratio ∼10 are first relaxed to find the minimum energy configuration to within 0.001 kcal/mol/Å rms without using any cut-off distance. The aspect ratio of ∼10 of the SLGS and hence of its ECS minimizes transverse inertia effects thus enabling us to use the 1-D wave equation to study axial vibrations, and the Euler-Bernoulli beam theory (EBBT) to study the fundamental mode of bending vibrations. The module VIBRATE in computer code TINKER 32 is used to calculate eigenvalues and eigenvectors of the mass weighted Hessian matrix of the equilibrated SLGSs with all edges kept free of any applied load. The eigenvector associated with an eigenvalue is used to identify the corresponding mode of vibration; these are compared with the natural frequencies of the ECS for the same mode of vibration by assuming the material of the ECS to be linear elastic, homogeneous and isotropic. We 
where E, and l e equal, respectively, the axial Young's modulus, the mass density and the length of the ECS, and I is the second moment of area of cross section A of the ECS. The expression for frequencies in Eq. (3) assumes that the structure can be modeled as an Euler-Bernoulli beam, and for the first three bending modes 1 = 4.730, 2 = 7.853 and 3 = 10.996. Equating nA and nB to the corresponding frequencies of the SLGS found through MM simulations, we evaluate the basal plane stiffness of the ECS; these values are listed in Table II(A) . We note that values of K computed from nA for the four SLGSs studied here are nearly the same, 342 ± 0.3 N/m., and agree well with that obtained from the uniaxial tensile tests on SLGSs. The experimentally determined 15 value of K is 340 ± 50 N/m. However, values of K computed from nB decrease with an increase in the mode number, n. The first bending mode frequency for the four cases gives K = 344 ± 12.7 N/m, but the 2nd and the 3rd bending mode frequencies yield K ≈ 317 and 280 N/m, respectively. This most likely is due to the inapplicability of the EBBT to a beam of aspect of aspect ratio ∼10 for finding frequencies of the 2nd and the 3rd mode. Accordingly, we studied vibrations of a free-free SLGS of aspect ratio 20, and the corresponding results listed in Table II (B) evince that indeed the aspect ratio of the sheet plays a significant role in deciding whether or not to use the EBBT for studying higher order modes of vibration of the sheet. An unanticipated result is that the free-free SLGSs vibrate about the plane bisecting the width rather than the thickness as predicted by the EBBT. 
THICKNESS OF SLGSs FROM FREQUENCIES OF FREE VIBRATIONS
In an attempt to find the thickness of a SLGS, we study free vibrations of clamped square SLGSs of different dimensions following the procedure outlined above. The Hessian computed from the TINKER software is exported to MATLAB 35 for mass weighting, applying essential boundary conditions, and computing frequencies and mode shapes. The bending mode frequencies for various combinations of half waves along the x-and the y-axes are listed in Table III where r and s are number of half waves along the xand the y-directions, respectively, the frequency parameter rs depends on the aspect ratio, Poison's ratio and boundary conditions, and is the areal mass density (mass/area) of the plate. For clamped and square plates with Poisson's ratio = 0.21, We note that the Brenner potential does not account for the dihedral torsion term. Lu et al. 22 have shown that the consideration of the dihedral torsion term in the second generation Brenner potential increases the value of D, and found it to equal 1.4 eV which is close to the 1.5 eV computed by Kudin et al. 9 using an ab initio method. The larger value of D in the present computations may be attributed to the consideration of cross interactions among various degrees of freedom in the MM3 potential given by Eq. (1) that are not considered in the Brenner potential.
In order to verify values of elastic constants (E = 3.4 TPa, = 0.21) and the thickness (h = 1 Å) of a SLGS, we compute frequencies and mode shapes of free-free ECS of the 23.53 Å × 262.24 Å armchair SLGS using the commercial finite element (FE) software ANSYS. 36 We use 4-node Shell-63 FE with the membrane and the bending deformations, mass density = 8561 kg/m 3 computed by dividing the total mass of C-atoms in the SLGS by its vol- Fig. 1) . From progressive refinement of the FE mesh, a 100 × 10 FE mesh (along the length and the width directions, respectively) of uniform elements was found to give converged values of natural frequencies. Table IV , the first three frequencies of the axial and the bending modes computed from the MM simulations and the FE method differ at most by ∼3%. Figure 8 shows for the first two bending modes, the distribution of strains computed from the mean-value atomistic deformation gradient 33 applied to the MM simulation results, and the analysis of the ECS modeled as a shell. A reasonable agreement in the distribution of strains from the two approaches indicates that frequencies of the ECS of an SLGS can be found by regarding it as a shell. Strains plotted in Figure 8 are scalable since they are computed from eigenvectors of the mass weighted Hessian in the MM simulations, and eigenvectors of the ECS.
As should be clear from values listed in

COMPARISON OF FREQUENCIES OF SLGS COMPUTED FROM MM SIMULATIONS WITH THOSE FROM THE LINEAR ELASTICITY THEORY
We now explore if the vibrational response of the 23.53 Å× 262.24 Å SLGS is similar to that of its ECS made of a homogeneous and isotropic linear elastic material with E = 3.4 TPa, = 0.21 and mass density = 8561 kg/m 3 . The mode shapes and the corresponding frequencies obtained with the MM simulations and using the three-dimensional linear elasticity theory are depicted in Figures 9(a) and (b) respectively. Mode shapes for the lowest 15 frequencies computed with MM simulations are exhibited in Figure 9 (a). Mode shapes corresponding to the first 10 lowest frequencies and those for modes 20 and 30 obtained by using the linear elasticity theory using ANSYS 36 are shown in Figure 9 (b); other modes are not displayed for the sake of brevity. It is clear that for the three bending modes displayed in Figure 7 the two approaches give essentially the same frequencies. However, MM simulations and the analysis of three-dimensional deformations of the ECS made of a homogeneous linear elastic material have dissimilar mode shapes and unequal frequencies implying that a continuum theory cannot predict all mode shapes of a free-free SLGS. It is reported in Ref. [37] that with an increase in the circumferential wave number frequencies of inextensional modes of vibration of (n, 0) zigzag SWCNT saturate at (n-1)/2 or n/2 for odd or even n, but those of the continuum hollow cylinder composed of a linear elastic material do not. Distributions of E xx and E yy are uniform except at points near the edges. The value of E xy is found to be negligible as compared to that of E xx and E yy except at the corners. The values of gray contours in strain distribution plots of the ECS are printed on the contours.
FREQUENCIES OF BI-AXIALLY STRETCHED AND CLAMPED SLGS
In experiments of Bunch et al. 28 and Lee et al. 15 graphene sheets had possibly been stretched due to van der Waals interaction of carbon atoms with the silicon atoms of the substrate. This interaction is unavoidable while making devices like nanomechanical resonators. Furthermore, some applications (THz nanomechanical resonators) may require significant pretension to increase the transverse stiffness of a graphene sheet which will enhance its natural frequencies.
We have investigated the effect on natural frequencies of pretension in sheet B of Table V. The graphene sheet is stretched by prescribing equal and opposite axial displacement to atoms on opposite faces of the sheet. That is, all atoms on edges 1R and 1L are displaced, respectively, in the positive and the negative x-direction by , and all atoms on edges 2T and 2B are displaced in the positive and the negative y-direction by . The minimum potential energy configurations of graphene sheets for incremental values of are found to within rms gradient of 0.001 kcal/mole/Å. Figures 10(a) and (b) exhibit the distribution of in-plane forces, F y and F x respectively, acting perpendicular to edges 2B and 1R of sheet B for = 0.2 Å. Three-dimensional deformations of the ECS under the same boundary conditions as applied to the SLGS are analyzed with ANSYS 36 using 20-node solid elements to accurately capture the singularity in strains at corners.
The distributions of reaction forces computed at nodes on edges 2B and 1R and having the same spatial locations as atoms in the SLGS are shown in Figure 10 . It is found that forces on atoms or nodes at the clamped edge from the two approaches differ by ∼10% for atoms near the middle of the edge, and the differences between the two sets of results are large for atoms at the corners. Furthermore, the distribution of forces at points near the middle of the edges is uniform, while their magnitudes increase for corner atoms. Also we note that the total force acting on atoms on edges 2B and 1R is approximately the same. Figure 11 shows distribution of strains E xx , E yy and E xy in the stretched sheet computed from the mean-value deformation gradient 33 and for its ECS obtained with the FEM; the two sets of results agree with each other qualitatively but distributions near the edges are somewhat different. We find that E xx and E yy are distributed uniformly in the central region of the sheet and E xy is negligible as compared to E xx and E yy . Except for the frequency of the fundamental mode, frequencies of (1, 2), (2, 2,) and (1, 3) modes of vibration of the stretched SLGS from the MM simulations and of its linear elastic ECS agree well with each other; these are listed in Table VI . The fundamental mode frequency of the stretched ECS is ∼9.7% more than that of the stretched SLGS; the reasons for this discrepancy are unclear to us. It is found that for an average axial stretch of ∼ 1.4% in the x-and the y-directions, the fundamental mode frequency of the SLGS and of its ECS has increased by 100% as compared to that of its unstretched state. The corresponding mode shapes computed from the MM simulations are shown in Figure 12 .
CONCLUSIONS
The basal plane stiffness of armchair and zigzag single layer graphene sheets (SLGSs) has been determined by studying their uniaxial tensile deformations and free axial and bending mode vibrations with the MM3 potential. The basal plane stiffness is found to be ∼340 N/m which agrees well with that reported in the literature for indentation experiments on graphene sheets. Assuming that the mechanical deformations of a SLGS can be modeled by that of a thin plate having the same dimensions as the SLGS and made of a linear elastic, homogeneous and isotopic material, Poisson's ratio and the wall thickness of the ECS and hence of the SLGS are 0.21 and ∼1 Å, respectively. It is found that the bending vibrations of graphene strips of aspect ratio ∼10 are in their plane which is counterintuitive. Furthermore, mode shapes corresponding to the several lowest frequencies of the free-free SLGS found using the MM simulations differ noticeably from those of the ECS determined by using the linear elasticity theory. The frequencies of vibration of higher modes of a stretched and clamped 1 Å thick plate equal in size to a graphene sheet and made of a linear elastic material computed by using the three-dimensional elasticity theory match well with those of the graphene sheet computed through MM simulations, but the fundamental frequencies from the two approaches differ by 10%. The analysis of free vibrations of a bi-axially stretched clamped square SLGS indicates that an axial stretch of ∼1.2% along the two edges almost doubles the fundamental frequency.
